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Wenn elne Kr l s t a l l s t ruk tu r  als e ine  R8umgruppenanom€nung 
s l ch  beGhrender, fester Kugeln be t rachte t  wid, dam g i l t  das Vef ia l tn i s  
F = P-C+l,  worin "P" die Anzahl der v e r u e r l i c h e n  Parameter der S t m k t u r  
ist  und "F" die  Frelheitsgrade im Parameter-Rau, wenn "C" Be&rungsweleen 
vorhenden slnd. Diese "Kontaktregel" l e t  analog zu Gibbe "Phasenregel" 
und kann auf 'hnl lche Welse angewendet werden, wie z.B. zur Konstruktion 
von "Kontakt-Diagrammen". 
Atanpositlons-Paremetern, zur Zuordnung fo lger ich t iger  Werte f ' b  Atom- 
radlen und zur Charakterislerung der Bindungssrt nutzlich.  

Dlese s l n d  zur optimalen Bestimmung von 

ABSTRACT 

I f  a c r y s t a l  s t ruc tu re  is regarded as a space-group a r r ay  
of r i g i d  spheres i n  contact, then  t h e  re la t ionship  F = P-C+l holds, 
where P I s  the  number of var iable  parameters of  t h e  s t ruc tu re  and F I s  
t h e  number of degrees of freedau i n  parameter-space when C modes of contact 
are achieved. Th i s  "Contact Rule" I s  anaLegaus t o  Gibbs' Phase Rule and 
may be applied in similar m y 8  such as the construction of "contact 
diagrams". These are usefu l  for optimizing atomic posi t ion parameters, 
fo r  deriving consis tent  values for atomic radii, and for character iz ing 
bond type. - 

A c r y s t a l  s t ruc tu re  may be treated a8 a space-group a r r ay  

of r i g i d  spheres In contact;  t h i s  premise underl ies  a l l  usage of stcmlc 

radii. According t o  t h i s  approximation, t h e  number of contacts  i n  a 

given s t ruc tu re  i s  usefb l  as 8 qualitative index of  Its s t a b i l i t y  and 

bonding energy. Unfortunately, most s t ruc tu res  have a large nurmber of 

va r i ab le  parameters -- t h e  (n-1) radius r a t i o s  of t h e  n atomic species, 

t h e  space-group posi t ion parameters, and the  u n i t  ce l l  axial r a t i o s  and/or 
I 

angles  -- so t h a t  a t r ia l -and-er ror  ca lcu la t ion  of all poseihle csiitacte 

-he work described herein represents  one phase of research 
sponsored by the Aeronautics and Space Administration under 

@ (@M cont rac t  

c 4 - 5 9 6 1 9  I 
4 '  

. 



, "J 
1 -  

I 
hrotqhout parameter-space is impract icale  It can be shown, however, 

tha t  there  e x i s t s  a simple topological  r e l e t i o n  which detewines the 

maximum number of contact modes (ice., c l a s ses  of synmetry-equivalent ua ; 
ps z-i 

contac ts )  for  any given Structure.  c* 

Ye3 m . 4  

A c r y s t a l  s t ruc ture ,  expanded so that none of Its atow are 

in contact ,  has a degree of freedom ( I .e. an arbitrary var iab le)  

_.-. 
< -.. <.- *- corresponding t o  each of Its variable parameters, plue an add i t iona l  
E.. .=*-.- 

one corresponding t o  the impl ic i t  va r i ab le  of u n i t - c e l l  expansion (i.e. 

a, / R1 ). 

t h e  atoms come i n t o  contact.  

or  a r e l a t ionsh ip  between pamunetere and therefore  eliminates one of 

t h e  degrees of freedom. Hence, for  any c r y s t a l  s t ruc ture ,  

L e t  us assume that the s t r u c t u r e  then cont rac ts  u n t i l  saae of 

Each mode of contact spec i f i e s  a parameter 

F = P  - C  + 1 

where F is t he  number of degrees of freedom, P is t h e  number of 

variable parameters, and C t h e  number of contact modes. This equation 

is i d e n t i c a l  in form t o  Clbbs' Phase Rule and has 8 comparable v a r i e t y  

of appl icat ions.  

The sodium chlor ide s t ruc tu re  provides a simple I l l u s t r a t i o n .  

It has only one variable pammeter (P), the mion-cat ion radius  r a t i o ,  

bu t  t h e r e  are t h r e e  possible contact modes (C); anlon-anion along (110) , 
cat ion-cat ion along < UO} , 
t he  "contact rule", stated above; 

anim--tim along (100) A C C O ~ ~ I ~ ~  to  

1. one contact m o d e  permits one degree of freedom; 

e.g. anion-cation contact i s  possible f o r  any mdlus  

r a t i o  between 0.41L ~ ~ f i  2.413; 

2. two contact modes permit no degrees of freedom, so 

t h a t  the s t ruc tu re  is ccmpletely specif ied;  e.g. 

simultaneous anion-anion and anion-cation contact f i x  

the  anion-cation radius m t i o  a t  2.413; 
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ree contact modes 

simultaneously. 

These concluslons may be ve r i f i ed  by geometric construction. 

For a s t ruc tu re  with two variable pcrrameters, it is necessary 

t o  construct  a "contact diagram", simihr i n  many respects t o  a phase 

diagram. 

(C32) s t ruc tu re  (Flgure 2) .  

contact mode, each boundary l i n e  def ines  t h e  conditions for achieving 

Figure 1 shows t h e  contact diagram for t h e  hexagonalAlB2 

Each area def ines  t h e  field of a single 

two contact modes simultaneously, and each point of In te rsec t ion  

spec i f ied  the parameters which permit three simultaneous contact  

modes. 

Connectivity - t h e  incorporetion of a l l  t he  atana i n  the la t t ice  

i n t o  one continuous contact-network - i s  a p laus ib le  requirement of any 

real c r y s t a l  s t ruc ture ,  although apparent exceptions, such as lithium 

iodide, do e x i s t .  Since connectivity depends q u a l i t a t i v e l y  on t h e  

number and types of contact modes, the  regions of connect ivi ty  i n  a 

contact  diagram correspond t o  e n t i r e  contact-mode fields and/or the 

boundaries between them; these  may be designated by shaded areas and 

s o l i d  boundaries. I n  t h e  A D 2  s t ruc ture ,  fo r  example, XY contact  is 

both 8 necessary and a s u f f i c i e n t  condition for  connect ivi ty  (See Figure 1). 

When applied t o  spec i f i c  s t ruc tures ,  contact  diagrams may 

be used t o  determine bond type and t o  der ive empirical a t a u i c  radii. 

Ideal me ta l l i c  o r  ionic  bonding m y  be validly approximated by r i g i d  

spheres i n  contact ;  hence the contuct rule and t h e  r e q u i r q e n t  of 

connect ivi ty  should normally apply. 

s t ruc tu re ,  f o r  which it mn_y s-dsi'uiy be assumed that maximum packing 

Therefore, for  a meta l l ic  A D 2  

I 



e t r i p l e  points  a t  

the  corners of the  XY f i e l d  would secm t o  be bes t .  On the  o ther  hand, fo r  

an j ani: s t ruc tu re  one wisnes t o  mavlmlze anion-cation contacts while 

ninimizing contacts of l i k e  ions; t h i s  w o u l d  be rea l ized  near the  center  of 

the  XY Yield. Covalent bonding, however, is highly d i r ec t iona l  and permits 

a continuous range of bond dis tances ,  with no spec i f iab le  "contact distance".  

Therefore ne i ther  t he  concept of atomic radii nor the  contact rule applies 

t o  covalent s t ruc tures ,  and these cannot be assigned t o  any spec i f i c  

pos i t ion  on a contact diagram. 

These c r i t e r i a  may be i l l u s t r a t e d  by typ ica l  AlB2-type 

s t ruc tu res .  

a l l  have a c, / a axisl mtio of approximately 1.0 (€Ia8zko, 1961). 

Assuming conventional meta l l ic  radii (Pauling, 1947) these  s tn rc tu re s  

would l i e  deep i n  t he  nonconnective region of t h e  YYb fleld of the 

A I B  contact diagram; t h i s  suggests t h a t  these  s t ruc tu res  are! not 

ideally meta l l ic .  If we assume sane degree of ion ic  charecter,  the 

,;allium having a partial pos i t ive  charge, t he  radius  r a t i o  

increase and the  pos i t ion  of these s t ruc tu res  on t h e  contact diagram 

would shift t o w a d  the  center  of the  XY field, a locat ion consis tent  

with the pos tu la te  of ion ic  character.  

metal borides, such as 2kB2 and WB2 have c, / a, axial r a t i o s  g rea t e r  

than 1.1 (Brewer -- et al., lsl), so t h a t  it is 2mpossible t o  place these  

s t ruc tu res  on a connective portion of t h e  A D 2  contact diagram. There- 

fo re  these  s t ruc tu res  are probably predominantly c w a l e n t .  

The rare ea r th  g8lUum compounds - C-, Leoa2, e tc .  - 

2 

Rx/Ry would 

In cont ras t ,  the t r a n s i t i o n  

i * 
Throughout the  noscmneztive regions of a contact diagrsr, t he  points 

of maximum contact correspond t o  p6cking-fraction maxims; t h i s  i s  not 

necessar i ly  t rue ,  however, within t h e  connective regions. 
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E ontuct  r u l e  are possible, 

includiw, a nathematical treatment fo r  s t ruc tu res  having more than t w o  

parameters. A de ta i l ed  exposition i s  i n  preparat ion and w i L l  be 

published elsewhere. It should be borne i n  mind, however, that t h e  

contact ru l e  i s  a law of geometry only, and not of chemistry o r  physics; 

it does not apply t o  real c rys t a l  s t ruc tu res ,  but  merely t o  one kind 

01' ideal ized model of c r y s t a l  s t ruc tures .  
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FIGURE 

1. 

2 .  

Contact D i a g r a m  of t h e  A D 2  (CP) Structure .  

Contact Modes and Variable Pameters of t h e  A D 2  ( C Z )  Structure.  
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